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Abstract. In the s-channel Higgs-boson exchange processes, the interference between the amplitudes for
CP -even and CP -odd Higgs bosons is sizable, if the helicities of the initial and final particles are properly
fixed and if the mass difference between these bosons is not much larger than their decay widths. We
discuss this interference effect in the process µ+µ− → tt. Examining the effect gives us information on the
CP -parity for the Higgs bosons and on the sign of the product of the coupling constants for the Hµ−µ+,
Htt, Aµ−µ+ and Att vertices. The feasibility of observing the interference effect in future muon colliders
is evaluated in the framework of the minimal supersymmetric extension of the standard model as an
example.

1 Introduction

The standard model (SM) of particle physics predicts one
physical neutral CP -even Higgs boson. It can be extended
by increasing the number of Higgs fields. In models with
more than one Higgs doublet there are two neutral and two
charged physical Higgs bosons extra for each additional
doublet. If CP is a good symmetry, one neutral boson is
CP -even (H) and the other is CP -odd (A). Searches for
the Higgs bosons and precise measurements of their prop-
erties are indispensable for understanding the mechanism
of electroweak symmetry breaking and knowing which
model is realized in nature.

A muon collider is an ideal machine to look for the
Higgs bosons [1,2], because µ+µ− pairs are directly an-
nihilated into H and A bosons. The muon beams can be
polarized [3]. The feasibility of detecting the Higgs bosons
and measuring their properties, such as the masses, total
widths and decay branching fractions has been studied in
[1,2,4–7]. These references covered the special cases where
the H and A bosons are distributed with their resonances
overlapping [1] as often expected in the minimal supersym-
metric extension of the SM (MSSM), and where mixing
between the H and A bosons occurs due to loop-induced
CP violation [5]. Moreover, determining the CP nature
of the Higgs bosons has also been discussed by using the
initial muon polarizations [6].

We here take into consideration overlapping reso-
nances, especially concentrating on interference between
the resonances. As was pointed out recently in [8] where
the process γγ → tt is studied, the amplitudes of s-channel
exchanges for the H and A bosons can sizably interfere,

if the helicities of the initial and final particles are fixed
properly and if the mass difference between these Higgs
bosons is at most of the same order as their decay widths.
This interference effect disappears if the helicities of both
initial and final particles are not fixed. Similar effects are
also expected in the process µ+µ− → tt.

In this paper, we discuss the interference effects on the
cross section of the process µ+µ− → tt assuming definite
helicities of the initial and final particles. Although the
process µ+µ− → tt is also generated by s-channel γ- and
Z-exchange diagrams, their contributions are small under
the helicity combinations which induce the s-channel H-
and A-exchange amplitudes. The interference effects are
measured by the difference between the cross sections for
various helicity selections. We estimate the asymmetry be-
tween these cross sections. Examining the effects gives us
information on the CP -parity for the Higgs bosons. In ad-
dition, the asymmetry provides information about the sign
of the product of the coupling constants for the Hµ−µ+,
Htt, Aµ−µ+ and Att vertices. Since this sign depends on
the model, we can make judgements of the type of model
from the viewpoint of the coupling constants. An example
is given in the MSSM which contains two Higgs doublets.

This paper is organized as follows. In Sect. 2 we obtain
helicity amplitudes of the process µ+µ− → tt. In Sect. 3
interference effects are discussed and the asymmetry be-
tween the cross sections is defined. In Sect. 4 numerical es-
timates of the cross sections and the asymmetry are given.
The degree of polarization of muon beams and a method
of helicity observation of the final top pairs are also con-
sidered. We give our conclusions in the last section.
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Fig. 1. The diagrams of the process µ+µ− → tt around the
mass poles of the H and A bosons

2 Helicity amplitudes

The process µ+µ− → tt receives contributions from the
diagrams in which H, A, γ and Z are exchanged as shown
in Fig. 1. We express the helicity amplitudes for these di-
agrams as

MΛΛλλ
H ,MΛΛλλ

A ,MΛΛλλ
γ ,MΛΛλλ

Z . (2.1)

The superscripts Λ and Λ denote the initial µ− and µ+

helicities, while λ and λ denote the final t and t helicities
in the center-of-mass frame. Defining λi, λf as Λ−Λ, λ−λ,
respectively, the amplitudes are given by

MΛΛλλ
H = −4Λλaµatg

2

× mµmt

m2
W

βµβt
s

s−m2
H + imHΓH

δλi0δλf 0, (2.2)

MΛΛλλ
A = −bµbtg2mµmt

m2
W

s

s−m2
A + imAΓA

δλi0δλf 0, (2.3)

MΛΛλλ
γ = Λλ

16
3
παQEDKµKtd

1
λiλf

, (2.4)

MΛΛλλ
Z =

παQED

2 sin2 θW cos2 θW
KµKt

×
[
F0δλi0δλf 0 − ΛλFµFtd

1
λiλf

] s

s−m2
Z

, (2.5)

Kµ = δλi0

√
2
s
mµ + |λi|,

Kt = δλf 0

√
2
s
mt + |λf |, (2.6)

F0 =
s−m2

Z

m2
Z

,

Fµ = −1 + 4 sin2 θW + λiβµ,

Ft = +1 − 8
3
sin2 θW − λfβt, (2.7)

where g is the weak coupling constant, mµ, mt, mW and
mZ are the masses of muon, top quark, W boson and
Z boson; βt and βµ are the velocities of the top quarks
and the muons in the center-of-mass frame, s is the colli-
sion energy squared, and d is the Wigner d function. The
masses and the total decay widths of the Higgs bosons
are denoted by mH,A and ΓH,A. The coefficients aµ, at,
bµ and bt are the coupling constants for Hµ−µ+, Htt,
Aµ−µ+ and Att vertices, respectively. In the framework
of the MSSM, they are expressed as

Table 1. The helicity dependence of the Higgs amplitudes of
µ+µ− → H/A → tt̄. We denote MRRRR

H/A as MH/A for simplic-
ity

tLt̄L tR t̄R

µ−
L µ+

L
MH

MA

−MH

MA

µ−
Rµ+

R
−MH

MA

MH

MA

aµ = −1
2
cosα
cosβ

, at = −1
2
sinα
sinβ

,

bµ =
1
2
tanβ, bt =

1
2
cotβ. (2.8)

Here α is the mixing angle of the two CP -even Higgs
bosons and tanβ is the ratio of the vacuum expectation
values of the two Higgs doublets. Here −4aµat is almost
unity within an accuracy of 13% for tanβ = 1–100 in the
MSSM, which is comparable with 4bµbt = 1.

The Higgs-exchange diagrams can contribute only for
λi = λf = 0. The absolute values of Mγ and MZ in this
case are proportional to mµ, and negligibly small around
the mass poles of the Higgs bosons if the masses of the
Higgs bosons are far abovemZ , as will be seen in Sect. 4.2.

3 Interference effects

The signs of the Higgs-exchange amplitudes change un-
der the CP transformation. Expressing MRRRR

H,A as MH,A,
where R (L) means the helicity +1/2 (−1/2), the helicity
dependence of the Higgs-exchange amplitudes is summa-
rized in Table 1. With |RR〉 and |LL〉 being spin-zero states
of the tRtR or the µ+

Rµ
−
R , and the tLtL or the µ+

Lµ
−
L sys-

tem, respectively, these states are interchanged under the
CP transformation,

CP|RR〉 = −|LL〉,
CP|LL〉 = −|RR〉. (3.1)

For example, MRRRR
H and MRRLL

H are related by a CP
transformation of the final tt system and have the same
absolute value of the amplitudes with different signs. As
for MA, the odd contribution of a CP transformation for
the final tt state is cancelled by the transformation of the
CP -odd Higgs boson.

With the helicities fixed, the interference term of the
amplitudes for the Higgs bosons, ∆σΛΛλλ, is given by

∆σΛΛλλ =
Nc

8πs
βt

βµ
Re[MΛΛλλ

φ1
· M∗ΛΛλλ

φ2
], (3.2)

where Nc is the color factor of the top quark; φ1 and
φ2 denote the relevant two Higgs bosons. The interference
between the amplitudes for two Higgs bosons is manifestly
dependent on the relative CP -parity of the Higgs bosons.
According to Table 1, the terms ∆σΛΛλλ for the different
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helicity states are related to each other. For φ1 = H and
φ2 = A,

∆σRRRR = ∆σLLLL = −∆σRRLL = −∆σLLRR, (3.3)

while for φ1 = φ2 = H or φ1 = φ2 = A

∆σRRRR = ∆σLLLL = ∆σRRLL = ∆σLLRR. (3.4)

Therefore, a comparison of the interference terms between
the different helicity states could provide useful informa-
tion on the Higgs CP -parity.

As an index for the interference term between two
Higgs bosons, we define the asymmetry of the cross sec-
tions as

A ≡ σRRRR + σLLLL − σRRLL − σLLRR

σRRRR + σLLLL + σRRLL + σLLRR , (3.5)

where σΛΛλλ denotes the cross section of µ+µ− → tt with
fixed helicities, which is given by

σΛΛλλ =
Nc

32πs
βt

βµ

∫ +1

−1
d cos θ |MΛΛλλ|2, (3.6)

with MΛΛλλ denoting the sum of the relevant amplitudes,
and θ is the scattering angle of the top quarks in the
center-of-mass frame. If the cross section receives contri-
butions dominantly from the diagrams mediated by the
two Higgs bosons, the cross section can be written as

σΛΛλλ =
Nc

16πs
βt

βµ
{|Mφ1 |2 + |Mφ2 |2} +∆σΛΛλλ, (3.7)

and the asymmetry becomes

A =
2Re[MH · M∗

A]
|MH |2 + |MA|2 (φ1 = H and φ2 = A),

= 0 (φ1 = φ2 = H or φ1 = φ2 = A). (3.8)

Therefore, the observation of a non-vanishing value for A
indicates that the two Higgs bosons have different CP -
parities.

In addition, from the sign of A, we can also learn the
sign of the product of the coupling constants for Hµ−µ+,
Htt, Aµ−µ+ and Att vertices. From (2.2) and (2.3),

Re[MH · M∗
A]

= (aµ · at · bµ · bt)βµβt g
4 m

2
µm

2
t

m4
W

s2D (3.9)

where

D ≡ (s−m2
H)(s−m2

A) +mHmAΓHΓA

[(s−m2
H)2 +m2

HΓ
2
H ][(s−m2

A)2 +m
2
AΓ

2
A]
. (3.10)

The sign of A is coincident with the sign of (aµ ·at · bµ · bt)
in the region of D ≥ 0 and is opposite in the region of
D < 0.

Table 2. The masses, the total decay widths, the µ+µ− decay
branching ratios and the tt decay branching ratios of the H and
A bosons in the MSSM adopted in our numerical simulations

tanβ mH ΓH Br(H → µ−µ+) Br(H → tt)
(GeV) (GeV) 10−4 10−2

3.0 403.78 0.79 0.33 74.2
7.0 400.71 0.50 2.84 20.7
15.0 399.97 1.70 3.88 1.30
30.0 399.49 6.67 3.95 0.078

tanβ mA ΓA Br(A → µ−µ+) Br(A → tt)
(GeV) (GeV) 10−4 10−2

3.0 400.00 1.75 0.15 94.6
7.0 400.00 0.67 2.13 45.2
15.0 400.00 1.74 3.80 3.83
30.0 400.00 6.69 3.95 0.25

4 Numerical estimates

4.1 Interference effect in MSSM

Assuming the MSSM as an example for various multi-
Higgs doublet models, we present numerical estimates of
the asymmetry A. The MSSM includes three neutral Higgs
bosons, two of which are CP -even, and the other is CP -
odd. The Higgs sector can be parameterized by two pa-
rameters, the mass of the CP -odd Higgs boson mA and
the ratio of the vacuum expectation values tanβ. If mA is
sufficiently large, the mass of the heavier CP -even Higgs
boson mH becomes approximately degenerated into mA.
For definiteness, we take mA = 400GeV and tanβ = 3,
7, 15 and 30. The masses, the decay widths and the decay
branching ratios of the Higgs bosons from which we de-
rive the coupling constants among Higgs and fermions are
computed by the program HDECAY [9], which are listed
in Table 2. For the input parameters in the program, the
sfermion mass scale is set to mSUSY = 1TeV, the SU(2)
gaugino mass parameter M2 to 500GeV and the higgsino
mixing mass parameter µ to −500GeV; this results in
heavy supersymmetric particles. No new particles other
than Higgs bosons are produced by the decay of the H
and A bosons for these parameters.

In Fig. 2 we show the center-of-mass energy depen-
dence of the cross sections for the helicity combinations
satisfying λi = λf = 0. The cross sections for Λ = Λ =
λ = λ, σLLLL and σRRRR, are different from those for
Λ = Λ �= λ = λ, σLLRR and σRRLL. These differences come
from the interference effect between the Higgs-exchange
amplitudes. The peak cross section is maximized at tanβ
∼ 7, as σ � 4000 fb. The cross section mediated by γ- and
Z-exchange diagrams are smaller than 0.01 fb for λi =
λf = 0, and generally negligible in this energy range. A
large interference effect can be seen when the mass differ-
ence between the H and A bosons is smaller than their
widths and two Higgs-exchange amplitudes have compa-
rable magnitudes, as is shown for tanβ = 15 and 30 in
Fig. 2.

The asymmetry A for the cross sections is given in
Table 3 for several values of s1/2 at and around the reso-
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Table 3. The cross sections and the asymmetries. We denote σH,A(P, P, c, c) with γ and Z contributions
extracted to be σH,A(c, c), for simplicity, where P and r are assumed to be +0.6 and 0.2, respectively, and
c and c are F (forward) or B (backward) of the angle cut

tanβ s1/2 σLLLL σLLRR A A′ σH,A(B,F) σH,A(F,B) A′′

(GeV) (fb) (fb) (fb) (fb)

3.0 400.0 484.9 510.4 −0.026 −0.006 347.5 353.5 −0.009
402.5 213.8 23.66 0.801 0.079 107.4 61.47 0.272
405.0 24.56 161.5 −0.736 −0.061 48.29 80.69 −0.251
406.0 3.260 70.60 −0.912 −0.035 17.49 33.31 −0.311

7.0 399.0 152.2 591.2 −0.591 −0.113 209.1 315.4 −0.203
400.0 2969.1 4071.7 −0.157 −0.049 2347.1 2610.4 −0.053
400.5 2358.1 1905.0 0.106 0.032 1557.6 1447.3 0.037
401.5 1.860 684.7 −0.995 −0.183 159.0 321.1 −0.338

15.0 398.0 16.19 184.6 −0.839 −0.074 50.74 91.60 −0.287
400.0 95.22 1226.1 −0.856 −0.202 329.8 599.9 −0.291
401.0 42.70 527.7 −0.850 −0.143 142.5 257.4 −0.287

30.0 390.0 0.88 6.39 −0.758 −0.003 1.93 3.37 −0.272
400.0 8.20 77.76 −0.809 −0.036 21.88 38.49 −0.275
405.0 2.43 25.80 −0.828 −0.013 7.08 12.44 −0.275
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Fig. 2. The cross sections of µ+µ− → tt with the Higgs reso-
nances for tanβ = 3, 7, 10 and 30. The solid curves show the
cross sections for µ+

L µ−
L → tLtL or µ+

Rµ−
R → tRtR, the dashed

curves for µ+
L µ−

L → tRtR or µ+
Rµ−

R → tLtL

nances. The asymmetry reaches O(1) in certain ranges of
s1/2, showing the strong effect of the interference between
H and A. Since A is negative for s1/2 < mH,A, we can
deduce

aµ · at · bµ · bt < 0, (4.1)

which is consistent with (2.8).

4.2 Beam polarization and helicity observation

The above arguments did not take account of the de-
gree of polarization of the initial muon beams and the
helicity observation of the final top pairs. As was men-
tioned in Sect. 2, the absolute values of the amplitudes of
γ- and Z-exchange diagrams with helicity combinations
other than λi = λf = 0 are generally larger than those
with λi = λf = 0 (Fig. 3). Therefore, the background pro-
cesses µ+µ− → γ/Z → tt should be considered as long as
the polarization of muon beams and the efficiency of the
helicity observation of the top pairs are not perfect. The
cross sections are contaminated with these backgrounds.

There are some statistical methods to measure the top-
quark helicity [8,10,11]. As an illustration, we follow [8].
The bottom quark decaying from a top quark has an an-
gular distribution proportional to 0.5−0.2λ cos θ, where θ
is the emission angle of the bottom quark in the rest frame
of the decaying top quark with respect to the direction of
the top momentum in the tt c.m. frame. The anti-bottom
quark has a distribution proportional to 0.5 + 0.2λ cos θ,
where θ is the emission angle of the anti-bottom quark1.
Therefore, an event with the top quark decaying forward

1 In order to derive the emission angles, θ and θ, one needs
to identify the charge and the momentum of the top and the
anti-top quarks. These tasks can be done by observing their
decay products. For example, when one W decays leptonically
and the other decays hadronically, we can generally reconstruct
the top and the anti-top decay kinematics. Semileptonic decays
of the B mesons can be used when both W ’s decay hadroni-
cally. The efficiency of the analysis of such tt reconstructions
is discussed in [12]
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and σRRRL are smaller than 0.01 [fb]

and with the anti-top quark decaying backward is most
likely to be a tLtL event. Applying the emission angle
cuts F (forward, 0 < cos θ, cos θ < +1) and B (backward,
−1 < cos θ, cos θ < 0) to the bottom quark direction,
the counted numbers of polarized top and anti-top decay
events are reduced by the factor R and R, respectively:

R(F,λ) = 1 − 2λr
2 , R(B,λ) = 1 + 2λr

2 ,

R(F,λ) = 1 + 2λr
2 , R(B,λ) = 1 − 2λr

2 ,
(4.2)

where r is rB − rF in [8], and its value is estimated to
be 0.2 by this method. If one observes the direction of the
charged lepton from the t→ bW → blν decay [11], instead
of the bottom quark direction, r reaches 0.5 in the Born
approximation.

We define the effective cross sections as follows:

σ(Pµ− , Pµ+ , c, c) =
∑

ΛΛλλ

σΛΛλλ (1 + 2ΛPµ−)
2

× (1 + 2ΛPµ+)
2

R(c, λ)R(c, λ), (4.3)

where Pµ− and Pµ+ denote the degrees of polarization
of µ− and µ+, and c and c are F or B, respectively.
The effective cross sections are shown in Fig. 4, assuming
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Fig. 4. The effective cross sections of µ+µ− → tt for tanβ =
3, 7, 10 and 30. The solid curves are for σ(P, P,B,F) or
σ(−P, −P,F,B), while the dashed curves are for σ(P, P,F,B)
or σ(−P, −P,B,F), with P = +0.6 and r = 0.2

|Pµ− | = |Pµ+ | = 0.6 as an example. To extract the Higgs
signal efficiently, we should select Pµ− = Pµ+ = P and
c = F and c = B or c = B and c = F. In these selections,
the background cross sections of γ and Z are independent
on the signs of the P ’s and the choice of c. There is another
interference contribution between the Higgs-exchange and
the γ- or Z-exchange amplitude for λi = λf = 0, and this
interference has helicity dependence; however, it is negli-
gibly small. With the polarizations and the emission angle
cuts, we can define another asymmetry of the cross sec-
tions between the different cuts, with P unchanged.

A′
=
σ(P, P,B,F) − σ(P, P,F,B)
σ(P, P,B,F) + σ(P, P,F,B)

=
σdiff

σtot , (4.4)

σdiff =
ε

4
{(1 + P )2(σRRRR − σRRLL)

+ (1 − P )2(σLLRR − σLLLL)},
σtot =

1
8
{(1 + P )2[(1 + ε2)(σRRRR + σRRLL)

+ (1 − ε2)(σRRRL + σRRLR)]
+ (1 − P 2)[(1 + ε2)

× (σLRRR + σRLLL + σRLRR + σLRLL)
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+ (1 − ε2)(σLRRL + σRLLR + σRLRL + σLRLR)]

+ (1 − P )2[(1 + ε2)(σLLRR + σLLLL)

+ (1 − ε2)(σLLRL + σLLLR)]}. (4.5)

As is demonstrated in Table 3, the ratio of the asymme-
tries A/A′

is at least three and sometimes reaches several
tens, which means there is a strong suppression due to the
γ and Z contributions.

Since the γ- and Z-exchange cross sections are well
known, we can define the other asymmetry A′′

on extract-
ing the γ and Z contributions:

A′′
=
σ(P, P,B,F) − σ(P, P,F,B) − σdiff

γ,Z

σ(P, P,B,F) + σ(P, P,F,B) − σtot
γ,Z

, (4.6)

where σdiff
γ,Z and σtot

γ,Z are the γ and Z contributions to
σdiff and σtot, respectively. Here σdiff

γ,Z is vanishing. Since
we have extracted the background effects of the γ- and
Z-exchange from A′

, A′′
is proportional to A:

A′′
=

4( 1
r + r

) ( 1
P + P

)A. (4.7)

When A′′
> 0.1A is required, r > 0.3 for P = 0.1 [4], and

P > 0.13 for r = 0.2. The values for P = 0.6 and r = 0.2
are shown in Table 3.

Neglecting the systematic errors and assuming 100%
efficiency, we found that the required luminosity to es-
tablish the non-zero asymmetry A′′

is least at a moder-
ate value of tanβ. Only >∼ 20 pb−1 of the integrated lumi-

nosity enables us to perceive a non-vanishing asymmetry
within 1σ statistical error for tanβ = 15, and 30 pb−1 for
tanβ = 7. For tanβ = 3 and 30, 0.25 fb−1 and 1.5 fb−1

are required, respectively.

5 Conclusions

We have discussed the interference effect on the cross sec-
tion of the process µ+µ− → tt with the H and A reso-
nances almost degenerated. The interference between the
H and A bosons arises if muon beams are longitudinally
polarized and if we observe the helicities of the top quarks.
The interference effect can be measured by observing the
difference between the cross sections with appropriate he-
licity combinations. It has been shown that the existence
of the difference can be reliable evidence of the existence
of both H and A bosons, while the absence indicates the
existence of only H bosons or A bosons around the reso-
nances. It is especially important that the existence of the
H and A bosons can be established even if their masses
are degenerated, by observing the interference effect in the
overlapping resonances. We have estimated the asymme-
try between the cross sections adopting the MSSM as an
example. Even after taking into account the background γ-
and Z-exchange contributions because of incompleteness
of the polarizations of muon beams and the measurement

of top-quark helicities, the absolute values of the asym-
metry can be detectable in certain ranges of s1/2. If we
can accumulate the luminosities which enable us to ob-
serve the asymmetry, it is possible to learn not only the
existence of the H and A bosons but also the sign of the
product of the coupling constants of the Higgs bosons to
the fermions from the sign of the asymmetry.
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